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In this paper we study the existence of generalized invariants and the periodicity
of the positive solutions of max equations,
xn+1 =
maxan
∏n
i=n−k+1 xi bn∏n
i=n−k xi
 n = 0 1    
where an bn are sequences of positive numbers, x−k x−k+1     x0 ∈ 0∞ and
k ∈ 2 3     . © 2001 Academic Press
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1. INTRODUCTION
Feuer et al. [2] investigated the asymptotic behavior, oscillatory character,
and periodic nature of the solutions of the max equation
xn+1 =
maxxnA
xnxn−1
 n = 0 1     (1)
where A is a real constant and x−1 and x0 are nonzero constants. We note
that Eq. (1) can be reduced to an equation that is a special case of the Lozi
map (see [4]).
Briden, Ladas, and Nesemann [1] studied the periodic nature, the
boundedness and persistence of the solutions of the nonautonomous max
equation
xn+1 =
maxxnAn
xnxn−1
 n = 0 1     (2)
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where An is a sequence of positive numbers and x−1 and x0 are positive
numbers.
Deﬁnition 1.1. According to [3], we say that a nonautonomous differ-
ence equation
xn+1 = Fn xn−k xn−k+1     xn (3)
n = 0 1   , where F 
 × 0∞× · · · × 0∞ → 0∞ is a continuous
function on 0∞× · · · × 0∞, has a generalized invariant if there exists
a function I 
 ν0 ν0 + 1    × 0∞ × · · · × 0∞ → 0∞ (where
ν0 ≥ 0) continuous on 0∞ × · · · × 0∞ such that for every positive
solution of Eq. (3), we have
In = In xn−k xn−k+1     xn ≤M n ≥ ν0
where M is a positive number.
Deﬁnition 1.2. A solution xn of (3) is bounded and persists if there
exist positive constants C and D such that for all n ∈ ,
C ≤ xn ≤ D
In this paper we consider the difference equation
xn+1 =
maxan
∏n
i=n−k+1 xi bn∏n
i=n−k xi
 n = 0 1     (4)
where an and bn are sequences of positive numbers, x−k     x0 ∈ 0∞
and k = 2 3    It is obvious that for an = 1 and bn = An, for n = 0 1   
and k = 1, Eq. (4) reduces to Eq. (2).
First, we ﬁnd conditions so that Eq. (4) has generalized invariants. More-
over, we obtain results concerning the boundedness and persistence of the
positive solutions of (4). Finally, we study the periodicity of the positive
solutions of (4).
2. GENERALIZED INVARIANTS OF EQUATION (4)
In this section we study the existence of generalized invariants for (4).
We need the following deﬁnition and lemma.
Deﬁnition 2.3. According to [3] and [5], we say that an and bn satisfy
hypothesis H1 if there exists a sequence n∞n=1 of positive numbers such
that the following hold:
(i) n∞n=−1 is nonincreasing function
(ii) There exists a number  ∈ 0∞ such that limn→∞ n = 
(iii) n−1an ≥ nan+1, n−1bn ≥ nbn+1 for all n ≥ 0.
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Lemma 2.1. Suppose that an and bn satisfy hypothesis H1. Then the
following statements are true:
(i) 2n−k+2an−k+1 ≥ 2n−1an.
(ii) 2n−k+2a
2
n−k+1 ≥ 2n−1a2n.
(iii) 2n−2an−1bn−1 ≥ 2n−1anbn.
Proof. (i) Because an and bn satisfy hypothesis H1, we have
2n−k+2an−k+1 − 2n−1an ≥ n−1
(
n−k+2an−k+1 − n−1an
) ≥ 0
(ii) The proof is similar to that of (i).
(iii) The proof follows immediately from (iii) of Deﬁnition 2.3.
Proposition 2.1. Suppose that an and bn satisfy hypothesis H1. Then
Eq. (4) has a generalized invariant I 
 k + 2 k + 3    × 0∞ × · · · ×
0∞ → 0∞ given by
In y1 y2     yk+1
= max
{
2n−k+2an−k+1y1 
2
n−k+1an−ky2    
2n−2an−1yk+1
2n−k+2a
2
n−k+1
y1

2n−k+1a
2
n−k
y2
    
2n−2a
2
n−1
yk+1

2n−2an−1bn−1∏k+1
i=1 yi
}
 (5)
Proof. By setting ys = xn−k+s−1, s = 1 2     k+ 1 in (5), we take
In = max
{
2n−k+2an−k+1xn−k 
2
n−k+1an−kxn−k+1    
2n−2an−1xn
2n−k+2a
2
n−k+1
xn−k

2n−k+1a
2
n−k
xn−k+1
    
2n−2a
2
n−1
xn

2n−2an−1bn−1∏n
i=n−k xi
}
 (6)
Then, using (4) and (6), we can prove
In+1 = max
{
2n−1anxn−k 
2
n−k+1an−kxn−k+1    
2n−2an−1xn
2n−1a
2
n
xn−k

2n−k+1a
2
n−k
xn−k+1
    
2n−2a
2
n−1
xn

2n−1anbn∏n
i=n−k xi
}
 (7)
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Therefore, using Lemma 2.1 and relations (6) and (7), it follows that In ≥
In+1, from which the function In = In xn−k xn−k+1     xn is bounded.
This completes the proof of the proposition.
In the following proposition we give another generalized invariant for (4).
We need the following deﬁnition.
Deﬁnition 2.4. We say that an and bn satisfy hypothesis H2 if there
exists a sequence n∞n=1 of positive numbers satisfying conditions (i) and
(ii) of Deﬁnition 2.3 and
n−1an ≥ nan+k+1 and n−1bn ≥ nbn+1 for all n ≥ 0
Proposition 2.2. Suppose that an and bn satisfy hypothesis H2. Then
Eq. (4) has a generalized invariant I 
 k + 2 k + 3    × 0∞ × · · · ×
0∞ → 0∞ given by
Iny1y2yk+1=max
{
n−k−2y1 n−k−1y2n−2yk+1
n−k−2an−k−1
y1

n−k−1an−k
y2

n−2an−1
yk+1

n−2bn−1∏k+1
i=1 yi
}
 (8)
Proof. We set set ys = xn−k+s−1, s = 1 2     k+ 1 in (8). Then we take
In = max
{
n−k−2xn−k n−k−1xn−k+1     n−2xn
n−k−2an−k−1
xn−k

n−k−1an−k
xn−k+1
    
n−2an−1
xn

n−2bn−1∏n
i=n−k xi
}
 (9)
Then, using (4) and (9), it follows that
In+1 = max
{
n−1xn−k n−k−1xn−k+1     n−2xn
n−k−1an−k
xn−k+1
    
n−2an−1
xn

n−1an
xn−k

n−1bn∏n
i=n−k xi
}
 (10)
Moreover, from Deﬁnition 2.4, the following relations are true:
n−1 ≤ n−k+2 n−1an ≤ n−k+2an−k−1
and n−1bn ≤ n−2bn−1 (11)
Then from (9)–(11) it follows immediately that In ≥ In+1, from which the
function In is bounded. This completes the proof of the proposition.
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In the last proposition of this section, we give necessary and sufﬁcient
conditions so that a positive solution of Eq. (4) is bounded and persists.
Proposition 2.3. Consider Eq. (4). Then the following statements are
true:
I. Suppose that Eq. (4) has a positive bounded solution. Then the
sequences an and bn are also bounded.
II. Suppose that an and bn satisfy hypothesis H1 and an persists. Then
every positive solution of Eq. (4) is bounded and persists.
III. Suppose that an and bn satisfy hypothesis H2. Then the following
conditions hold:
(i) Every positive solution of Eq. (4) is bounded.
(ii) If an persists, then every positive solution of Eq. (4) is bounded and
persists.
Proof I. Since, from (4), the following relations
bn ≤ xn+1
(
n∏
i=n−k
xi
)
 an ≤ xn+1xn−k
are satisﬁed, the proof of case I is obvious. The proofs of II and III follow
immediately from Propositions 2.1 and 2.2, respectively.
3. PERIODICITY OF THE POSITIVE SOLUTION
OF EQUATION (4)
In this section we study the periodicity of the positive solutions of Eq. (4).
Proposition 3.4. Consider Eq. (4), where
an = 1 and bn = A n = 0 1     (12)
where A is positive constant. Let xn be a positive solution of Eq. (4) with
initial conditions satisfying
(i)
∏0
i=−k+1 xi ≤ A
(ii)
∏−1
i=−k xi ≤ A
(iii) xixi−1 ≥ 1, for i = −k+ 1    −1 0,
where k ≥ 2 and x−k     x0 are real positive numbers. Then xn is periodic
with prime period equal to k+ 2.
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Proof. Using conditions (i) and (iii) and relations (4) and (12), we take
x1 =
max
{∏0
i=−k+1 xiA
}
∏0
i=−k xi
= A∏0
i=−k xi
and
x2 =
max
{∏1
i=−k+2 xiA
}
∏1
i=−k+1 xi
= A∏1
i=−k+1 xi
= A∏0
i=−k+1 xi
∏0
i=−k xi
A
= x−k
Working as before, we can easily prove
xs = xs−k−2 s ∈ 3     k+ 1
Moreover, using condition (ii), we take
xk+2 =
max
{∏k+1
i=2 xiA
}
∏k+1
i=1 xi
= A∏k+1
i=1 xi
=
∏0
i=−k xi
A
A∏−1
i=−k xi
= x0
which completes the proof of the proposition.
Proposition 3.5. Consider Eq. (4) such that
an = 1 0 < bn ≤ A n = 0 1    (13)
where A is a constant satisfying 0 < A < 1. Deﬁne the set
Rk+12 =
{
y1 y2     yk+1 ∈ Rk+1+ 
 y1 y2     yk+1 ∈
[
k
√
A
1
k
√
A
]}
for k ≥ 2. Then Rk+12 is an invariant set. Furthermore, if xn is a nontrivial
solution of Eq. (4) with x−k x−k+1     x0 ∈ Rk+12 , then xn is periodic with
prime period 2k+ 2.
Proof. Using (4) and (13), we take
x1 =
max
{∏0
i=−k+1 xi b0
}
∏0
i=−k xi
=
∏0
i=−k+1 xi∏0
i=−k xi
= 1
x−k
∈
[
k
√
A
1
k
√
A
]
and
x2 =
max
{∏1
i=−k+2 xi b1
}
∏1
i=−k+1 xi
=
∏1
i=−k+2 xi∏1
i=−k+1 xi
= 1
x−k+1
∈
[
k
√
A
1
k
√
A
]

and working inductively, we have
xs =
max
{∏s−1
i=s−k xi bs−1
}
∏s−1
i=s−k−1 xi
=
∏s−1
i=s−k xi∏s−1
i=s−k−1 xi
= 1
xs−k−1
 s = 3 4     k+ 1
Then it follows that
xk+s =
1
xs−1
= xs−k−2 s = 2 3     k+ 2
which completes the proof of the proposition.
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Proposition 3.6. Consider Eq. (4), where
an = 1 n = 0 1    (14)
Suppose that bn is periodic with prime period k + 1 and that the following
conditions are true:
(i)
∏−1
i=−k xi ≤ min
{
b20
bk

b21
bk
    
b2k−1
bk
 bk
}
(ii)
∏0
i=−k+1 xi ≤ min
{
b21
b0

b22
b0
    
b2k
b0
 b0
}
(iii) xixi+1 ≥ max
{
bk+i
bk+i+1

bk+i+1
bk+i

bk+ibk+i+1
b2k+i+2
    
bk+ibk+i+1
b22k+i
}
,
where k ≥ 2 and i ∈ −k−k+ 1    −1. Then xn is periodic with prime
period k+ 2k+ 1.
Proof. We prove by induction that
xs =


bs−1∏0
i=−k xi
 s = r − 1k+ 2r − 1 r = 1 2     k+ 1
bs−1
bs−r+1
xs−rk+2 s ∈ r − 1k+ 2r + j j = 0 1     k,
r = 1 2     k+ 1.
(15)
Let r = 1. Then relations (4) and (14) and condition (ii) imply that
x1 =
max
{∏0
i=−k+1 xi b0
}
∏0
i=−k xi
= b0∏0
i=−k xi
 (16)
Suppose that s ∈ 2 3     k+ 2. We prove that
xs =
bs−1
bs−2
xs−k−2 (17)
If s = 2, then from (4) and (14), it follows that
x2 =
max
{∏1
i=−k+2 xi b1
}
∏1
i=−k+1 xi
 (18)
Moreover, from (16), we have
1∏
i=−k+2
xi=
(
b0∏0
i=−k xi
) 0∏
i=−k+2
xi =
b0
x−kx−k+1
1∏
i=−k+1
xi=x1−k
1∏
i=2−k
xi =
b0
x−k

(19)
Therefore, from (18) and (19) and condition (iii), we get
x2 =
b1
b0
x−k (20)
from which we take that (17) is true for s = 2.
on a max difference equation 265
Let a p ∈ 2 3     k+ 1. Suppose that (17) is true for all s 2 ≤ s ≤ p.
From (4) and (14), we get
xp+1 =
max
{∏p
i=p−k+1 xi bp
}
∏p
i=−k+p xi
 (21)
Furthermore, from (16), and since (17) holds for s, 2 ≤ s ≤ p, we have
p∏
i=1−k+p
xi = x1
0∏
i=1−k+p
xi
p∏
i=2
xi
=
(
b0∏0
i=−k xi
) 0∏
i=−k+1+p
xi
p∏
i=2
bi−1
bi−2
p−k−2∏
i=−k
xi
= bp−1
xp−kxp−k−1
(22)
and
p∏
i=−k+p
xi = xp−k
p∏
i=−k+p+1
xi =
bp−1
xp−k−1
 (23)
Then from (21), (22), (23), and condition (iii), it follows that
xp+1 =
bp
bp−1
xp−k−1 (24)
Therefore, since (20) and (24) hold, we have that (17) are satisﬁed. Hence
relations (16) and (17) imply that (15) holds for r = 1.
In the remainder of the proof, we need the relation
µ∏
i=λ
bi−1
bi−q
= bµ−q+1bµ−q+2    bµ−1
bλ−qbλ−q+1bλ−2
(25)
where λµ ∈ 2 3    µ ≥ λ and q ∈ 1 2   .
Suppose that (15) holds, for r = m, where m ∈ 1 2     k. From (4)
and (14), we have
xmk+2m+1 =
max
{∏mk+2
i=m−1k+2m+1 xi bmk+2
}
∏mk+2
i=m−1k+2m xi
 (26)
Since (15) holds for r = m, bn is periodic of period k+ 1, and using (25),
we have
mk+2∏
i=m−1k+2m+1
xi =
mk+2∏
i=m−1k+2m+1
bi−1
bi−m−1
mk+2∏
i=m−1k+2m+1
xi−mk+2
=
∏m−1
i=0 bi∏m
i=1 bi
0∏
i=1−k
xi =
b0
bm
0∏
i=1−k
xi (27)
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and
mk+2∏
i=m−1k+2m
xi = xm−1k+2m
mk+2∏
i=m−1k+2m+1
xi
= bm−1k+2m−1
bm−1k+m−1
b0
bm
0∏
i=−k
xi =
0∏
i=−k
xi (28)
Then from (26), (27), (28), and condition (ii), and since bn is periodic of
period k+ 1, it follows that
xkm+2m+1 =
bm∏0
i=−k xi
 (29)
We prove that for s ∈ mk+ 2m+ v v = 2 3     k+ 2,
xs =
bs−1
bs−m−2
xs−m+1k+2 (30)
Relations (4) and (14) imply that
xmk+2m+2 =
max
{∏mk+2+1
i=m−1k+2m+2 xi bmk+2+1
}
∏mk+2+1
i=m−1k+2m+1 xi
 (31)
From (29) and (25), and since (15) holds, for r = m and bn is periodic of
period k+ 1, we get
mk+2+1∏
i=m−1k+2m+2
xi = xk+2m+1
mk+2∏
i=m−1k+2m+2
bi−1
bi−m−1
mk+2∏
i=m−1k+2m+2
xi−mk+2
=
(
bm∏0
i=−k xi
)
b0b1
bmbm+1
0∏
i=2−k
xi
= b0b1
bm+1
1
x−kx−k+1
(32)
and
mk+2+1∏
i=m−1k+2m+1
xi = xm−1k+2m+1
mk+2+1∏
i=m−1k+2m+2
xi
= bm−1k+2m
bm−1k+m
b0b1
bm+1
1
x−k
= b0
x−k
 (33)
Then using (31–33), and condition (iii), and since bn is periodic of period
k+ 1, it follows that
xkm+2m+2 =
bm+1
b0
x−k (34)
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Suppose now that for all τ, 2 ≤ τ ≤ v ≤ k+ 1, we have
xs =
bs−1
bs−m−2
xs−m+1k+2 s = mk+ 2m+ τ (35)
From (4) and (14), it follows that
xmk+2m+v+1 =
max
{∏mk+2+v
i=m−1k+2m+v+1 xi bmk+2+v
}
∏mk+2+v
i=m−1k+2m+v xi
 (36)
Furthermore, from (15) for r = m and (25), (29), and (35) for τ ≤ v ≤ k,
and since bn is periodic of period k+ 1, we have
mk+2+v∏
i=m−1k+2m+v+1
xi = xk+2m+1
mk+2∏
i=m−1k+2m+v+1
xi
mk+2+v∏
i=mk+2+2
xi
=
(
bm∏0
i=−k xi
) mk+2∏
i=m−1k+2m+v+1
bi−1
bi−m−1
×
0∏
i=v+1−k
xi
mk+2+v∏
i=mk+2+2
bi−1
bi−m−2
v−k−2∏
i=−k
xi
= bv−1bv
bm+vx−k+v−1x−k+v
(37)
and
mk+2+v∏
i=m−1k+2m+v
xi = xm−1m+2m+v
mk+2+v∏
i=m−1k+2m+v+1
xi
= bm+v
bv
bv−1bv
bm+v
xv−k
x−k+v−1x−k+v
= bv−1
x−k+v−1
 (38)
Then, since bn is periodic of period k+ 1, from (36–38) and condition (iii),
we get, for v ≤ k,
xkm+2m+v+1 =
bm+v
bv−1
x−k+v−1 (39)
Finally if v = k+ 1 from (35) for τ ≤ v, (25), (29) we have
mk+2+k+1∏
i=mk+2+2
xi=
mk+2+k+1∏
i=mk+2+2
bi−1
bi−m−2
−1∏
i=−k
xi=
bk
bm
−1∏
i=−k
xi (40)
mk+2+k+1∏
i=k+2m+1
xi=xmk+2+1
mk+2+k+1∏
i=mk+2+2
xi=
(
bm∏0
i=−kxi
)
bk
bm
−1∏
i=−k
xi=
bk
x0
 (41)
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So from (36) for v = k + 1, (40), (41), and condition (i), and since bn is
periodic of period k+ 1, we get
xkm+2m+k+2 =
bm
bk
x0 (42)
Therefore, relations (34), (39), and (42) imply that (30) are true. Hence
from (16), (17), (29), and (30), relation (15) is satisﬁed, from which the
proof of the proposition follows immediately.
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